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The multicolor Ramsey number rk(C4) is the smallest integer n for which any
k-coloring of the edges of the complete graph Kn must produce a monochromatic
4-cycle. It was proved earlier that rk(C4)k2&k+2 for k&1 being a prime power.
In this note we establish rk(C4)k2+2 for k being an odd prime power.  2000
Academic Press
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1. INTRODUCTION
Let k1 be an integer, and let G1 , ..., Gk be graphs. The multicolor
Ramsey number r(G1 , ..., Gk) is defined to be the smallest integer n=n(k)
with the property that any k-coloring of the edges of the complete graph
Kn must result in a monochromatic subgraph of Kn isomorphic to Gi for
some i. (Here, by ‘‘monochromatic subgraph’’ we mean a subgraph all of
whose edges have the same color.) When all graphs Gi are identical, we
usually abbreviate r(G, ..., G) by rk(G). Clearly, the notion of a multicolor
Ramsey number is a natural generalization of that of the classical Ramsey
number r(s, t) :=r(Ks , Kt).
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We focus our attention on the special case where each Gi is a 4-cycle C4 .
Here it is known that
k2&k+2rk(C4)k2+k+1,
with the upper bound (due independently to Chung [2] and Irving [6])
holding for all k1, and the lower bound (due independently to Irving
[6] and Chung and Graham [3]) holding for k&1 being a prime power.
In this note we show that
k2+2rk(C4) (1.1)
for k being an odd prime power.
In order to accomplish this, we first describe a special C4 -free graph 1
of order q2 and size q(q2&1)2 where q is an odd prime power. (Recall that
the order of a graph is its number of vertices, and the size is its number of
edges.) We show how to color the edges of the complete graph Kq2 in q
colors such that each maximal monochromatic subgraph is isomorphic to
1. Such colorings can also be viewed as edge decompositions of Kq2 into
isomorphic copies of 1. Clearly, the existence of such colorings implies that
rq(C4)q2+1. Then we show that the edge coloring of Kq2 can be
extended to a q-coloring of the edges of Kq2+1 such that each mono-
chromatic subgraph is C4 -free. This will prove (1.1).
2. CONSTRUCTION AND PROOFS
Let q be a prime power and Fq be the finite field of q elements. Set
V=Fq_Fq . Consider a simple graph 1 with the vertex set V and the edge
set defined in the following way: two distinct vertices (a1 , a2) and (b1 , b2)
are adjacent if and only if
a2+b2=a1b1 . (2.1)
Using this definition of adjacency, the degree of an arbitrary vertex
(x, y) of 1 can be computed as follows. The neighbors of (x, y) are clearly
those vertices (u, xu& y) which are distinct from (x, y). Since (u, xu& y)=
(x, y) if and only if u=x and y=x22, each of the q vertices of the form
(x, x22) has exactly q&1 neighbors, while each of the remaining q2&q
vertices has exactly q neighbors. This implies that the number of edges of
1 is 12 (q(q&1)+(q
2&q) q)=q(q2&1)2.
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Proposition 1. Let q be an odd prime power. Then 1 is C4 -free, and
there exists a q-coloring of the edges of Kq2 such that each maximal mono-
chromatic subgraph is isomorphic to 1.
Proof. Let (a1 , a2), (b1 , b2), (c1 , c2), (d1 , d2) be the four consecutive
(distinct) vertices of a 4-cycle in 1. Then
a2+b2=a1b1
b2+c2=b1c1
(2.2)
c2+d2=c1 d1
d2+a2=d1a1 ,
which implies (a1&c1)(b1&d1)=0. Thus one has either a1=c1 or b1=d1 ,
which implies either that (a1 , a2)=(c1 , c2) or (b1 , b2)=(d1 , d2), a contra-
diction. Hence 1 is C4 -free.
To prove the second statement, we identify the vertex set of Kq2 with V.
This makes 1 a spanning subgraph of Kq2 . For each : # Fq , define the
mapping ,: : V  V by (x, y) [ (x, y+:). Clearly, ,: is a bijection. Now
define ,:(1 ) to be the spanning subgraph of Kq2 with two distinct vertices
(a1 , a2+:) and (b1 , b2+:) adjacent if and only if the vertices (a1 , a2) and
(b1 , b2) are adjacent in 1. It is immediate from this definition that sub-
graph ,:(1) is isomorphic to 1 for each : # Fq ; indeed, ,: is an explicit
isomorphism.
We claim that the subgraphs ,:(1 ), : # Fq , are pairwise edge-disjoint.
Indeed, suppose two distinct vertices (x, y) and (u, w) are adjacent in both
,:(1 ) and ,;(1 ). Then the pairs of verices [(x, y&:), (u, w&:)] and
[(x, y&;), (u, w&;)] are both edges in 1. Using (2.1) we obtain
( y&:)+(w&:)=( y&;)+(w&;)=xu,
which implies :=;. This proves that the q subgraphs ,:(1 ) are indeed
pairwise edge-disjoint. Since the sizes of 1 and Kq2 are q(q2&1)2 and
q2(q2&1)2, respectively, we obtain an edge partition of Kq2 into q
isomorphic copies of 1. To complete the proof, we merely choose Fq as our
color set and we color all edges of ,:(1) with the color :. K
An immediate consequence of Proposition 1 is the following result.
Corollary 1. For q an odd prime power, rq(C4)q2+1.
But, in fact, this bound can be slightly improved.
Theorem 1. For q an odd prime power, rq(C4)q2+2.
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Proof. It suffices to exhibit a q-coloring of the edges of Kq2+1 in which
there is no monochromatic C4 . Fix a vertex v of Kq2+1 and denote the sub-
graph induced by its set of neighbors by N. As N is isomorphic to Kq2 , we
can q-color its edges in accordance with Proposition 1, that is, by assigning
color : # Fq to all edges of N of the form [(a1 , a2), (b1 , a1b1&a2+2:)].
Thus it remains only to color the edges [v, u] for u # V(N), and we do this
by simply assigning color ; to edge [v, u] if ; is the first coordinate of u.
We claim that the constructed q-coloring of the edges of Kq2+1 contains no
monochromatic 4-cycle.
Suppose, by way of contradiction, that a monochromatic 4-cycle exists,
say of color :. Clearly v must be one of its vertices, so denote the con-
secutive vertices of this cycle by v, w, x, y. Then w and y have common first
coordinate :, say w=(a, w2) and y=(:, y2). By the above, one now has
x=(x1 , :x1&w2+2:) (by adjacency of x to w) and x=(x1 , :x1& y2+2:)
(by adjacency of x to y). Thus w2= y2 and we obtain the contradiction
w= y. K
It is easy to argue that it is impossible to extend the obtained q-coloring
of Kq2+1 to a q-coloring of Kq2+2 without creating a monochromatic
4-cycle.
3. GENERALIZATIONS AND CONCLUDING REMARKS
In [1] it is proved that r3(C4)=11 (see also [4]), but this is. the only
case in which rk(C4) is explicitly known. There are, however, lower bounds
for very small k which improve the general lower bound from [6, 3],
namely r4(C4)18 (improving r4(C4)14) and r5(C4)25 (improving
r5(C4)22); see [5]. Of these two cases, our theorem applies only to the
latter, and the resulting bound is r5(C4)27. In fact, one actually has
r5(C4) # [27, 28, 29], which is an easy consequence of a result in [9] which
states that any graph of order 29 and size at least 81 must contain a 4-cycle.
The construction of graph 1 and the results of this note allow the following
generalization.
Let R be a commutative ring. For each integer i, 2in, let fi : R2i&2  R
be a function which satisfies
fi (x1 , y1 , ..., xi&1 , yi&1)= f i ( y1 , x1 , ..., yi&1 , xi&1),
for all xi , yj # R. Define 1n=1(R; f2 , ..., fn) to be the graph with vertex set
V(1n)=Rn, where distinct vertices (a1 , a2 , ..., an) and b=(b1 , b2 , ..., bn) are
adjacent if and only if the following n&1 relations on their coordinates
hold:
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a2+b2=f2(a1 , b1)
a3+b3=f3(a1 , b1 , a2 , b2)
(3.1)
...
an+bn=fn(a1 , b1 , a2 , b2 , ..., an&1 , bn&1).
Graph 1 of this note is a particular case of this construction, namely
when n=2, R=Fq , and f2(x1 , y1)=x1y1 .
In [7] the authors show that when R is finite of cardinality r3 and of
characteristic not equal to 2, then the complete graph Krn can be decom-
posed into rn&1 edge-disjoint copies of 1n . Clearly, this decomposition
provides a lower bound on the multicolor Ramsey number r(G1 , ..., Grn&1),
specifically
r(G1 , ..., Grn&1)rn+1,
when G1 , ..., Grn&1 are any graphs not contained in 1n .
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